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Abstract 
Hibi, T., Linear and nonlinear inequalities concerning a certain combinatorial sequence which 
arises from counting the number of chains of a finite distributive lattice, Discrete Applied 
Mathematics 34 (1991) 145-150. 
Let A==f,(L), O<i<n, be the number of chains (totally ordered sets) of length i contained in a 
finite distributive lattice L of rank n, and set j-t = 1. We study the sequence we. wt, , w, 
(w,#O) defined by the formula C:Tct h_,(x- l)“+“= Cf=e rvjx’lfl-‘. 
Introduction 
Every poset (partially ordered set) to be considered is finite. We refer the reader 
to [16, pp. 96-1091 for basic definitions, terminologies and notation in the theory 
of posets and lattices. Throughout this paper, we write # (X) for the cardinality of 
a finite set X. 
Let P be a poset with elements x1,x2, . . ..x. labeled so that if x;<Xj in P, then i<j 
in Z. Given an integer O~i<n, write w,= w;(P) for the number of permutations 
Tc=( 12...n a, l?Z’” a, ) such that (a) if xn,<xUS in P, then r<s, i.e., TC is a linear extension 
of P, and (b) #{r; a,>a,+l}, th e number of descents of 7c, is equal to i. The non- 
negative integer s = s(P) := max{ i; wi# 0) is called the effective length of the se- 
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quence wc, wr, . . . . w,_r. We say that the vector w(P) := (wO, wl, . . . , w,) is the 
w-vector of P. 
What can be said about the w-vector of a poset? In this paper, after reviewing 
the background of w-vectors briefly, we present some linear and nonlinear ine- 
qualities for the w-vector of a poset which satisfies a certain chain condition. 
1. Background 
We here summarize the combinatorial and algebraic background of w-vectors of 
posets. In what follows, suppose that P= {x1,x2, . .. ,x,,} is an arbitrary poset with 
the w-vector w(P) = (wO, wl, . . . , w,). 
1.1. .f-vector 
Let L =$(P) be the distributive lattice of all poset ideals (or order ideals [16, 
p. 1001) of P ordered by inclusion. Thus the rank of L is equal to n. Write 
J =x(L), 0 I is n, for the number of chains (totally ordered sets) of length i con- 
tained in L, and set f-r = 1. Then a fundamental relation between the f-vector 
f(L) : = (fO,fi , . . . ,f,) of L =8(P) and the w-vector w(P) of P is the equality 
n+l 
igoh-I(x- 1Y+r-$ wjxR+i-;, 
see, e.g., [3]. Thus the number of linear extensions of P coincides with f,. 
1.2. Order polynomial 
Given a nonnegative integer m, write Q(P,m) for the number of maps 
y:P+{O,1,2,...} such that (a) if X;<Xj in P, then v(Xi)Zy(Xj), i.e., y is order- 
reversing, and (b) maxl,i5n y(xi)<m. Then Q(P, m) is a polynomial in m of 
degree n, called the order polynomial of P. A basic result in the theory of Stanley’s 
P-partitions [ 141 guarantees that 
(1 -x)‘+l~~oQ(P,m)x’“=i$O WiXi. 
See also [ 16, Chapter 4, Section 51 and [lo]. 
1.3. Ehrhart polynomial 
Let 9’~ RN be an integral convex polytope, i.e., a convex polytope all of whose 
vertices have integer coordinates, of dimension d. We define m.9 := {ma; ae9’) 
and i(.!Y,m):= #(m9nZN) for m=l,2 ,.... Then i(9,m) is a polynomial in m of 
degree d, called the Ehrhart polynomial of 8, see [16, pp. 235-2411 and [l 11. 
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Now, for each ZEN, we define e,= (ei, e2, . . . , e,) E IR” by setting ei = 1 if Xi EZ 
and ei=O if x,@Z. Also, let @,,c R” be the convex hull of the finite set {el; 
ZE$(P)} . Then 
@p= {(a,,a2,...,a,)Em”; Olaill, and ai’aj if Xi<Xj in P}, 
thus i(@,+ m) = Q(P, m), hence 
(1 -x)“+’ 
L 
1 + E i(flp,m)xm 
m=l 1 =i$o WiXi* 
Note that (CsEO w;)/n! is equal to the volume of @‘p (cf. [17]). 
1.4. Algebra with straightening laws 
Let R=R,@R,@... be a commutative graded ring, that is to say, (a) R is a 
commutative ring with identity, (b) arnkO R,,, is a direct sum decomposition of R 
as an additive group and (c) RiRjCRi+j for any i and j. Moreover, if (a) R0 is a 
field k, (b) R is generated by R, as an algebra over k, and (c) the dimension of R, 
as a vector space over k is finite, then we call R a standard G-algebra [15]. If 
R= Om>Ll R, is a standard G-algebra, then the Hilbert function H(R,m) of R 
defined by H(R,m) :=dimkR, is a polynomial for m sufficiently large. See, e.g., 
[l, Chapter Ill. 
Now, let A = k[&; a EL], where Z. =g(P>, be the polynomial ring in # (Z)- 
variables over a field k with each deg X, = 1 and let IL be the ideal of A generated 
by quadratic polynomials of the form X,XD-X,,,&,vD with a, /?E L. Set 
Bi)k[L] := A/Z,. Then the standard G-algebra .%?lk[L] turns out to be an algebra with 
straightening fawson L over k(cf. [4]), and H(.B~[L],m)=Q(P,m) form =O, 1,2, . . . . 
Hence 
(1 -x)“+ tmE, H(Bk [Ll, m)xm = ig0 wixi. 
Consult [5,7-9,191 for further information on Be,[L] and related topics. 
2. The &chain condition 
Recall that a poset P is pure if all maximal chains of P have the same length. We 
say that a poset P satisfies the &chain condition if, for any element y of P, the sub- 
poset PY := {xEP; xly) of P is pure. 
Proposition 2.1 [14]. The w-vector w(P)=(w,,, w,, . . . , w,) of a poset P is sym- 
metric, i.e., wi = w,_; for any 0 5 i I [s/2], if and only if P is pure. 
Now, what can be said about the w-vector of a poset which satisfies the d-chain 
condition? 
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Theorem 2.2. Let w(P) = (w,, wl, . . . . w,) be the w-vector of a poset P which 
satisfies the &chain condition. If i and j are nonnegative integers with i + j 5 s, then 
Wjl WjWi+j. 
We write d(P) for the set of maximal chains of a poset P. Let n be an arbitrary 
nonnegative integer. We say that a poset P satisfies the 6’“‘-chain condition if P 
satisfies the d-chain condition with rnax,.,(,,) # (C) - min,,,(,) # (C) = n. 
Thus, in particular, a poset P satisfies the 6 (‘)-chain condition if and only if P is 
pure. 
Theorem 2.3. Suppose that a poset P with the w-vector w(P) = (wo, wl, . . . , w,) 
satisfies the 6(“)-chain condition. Then we have the linear inequality 
w,+w,_,+ ~~~+W,~j~Wg+W~+...+W;+“‘+W;+n 
for every 0 5 i 5 [(s - n)/2]. 
We should remark that our proofs of Theorems 2.2 and 2.3 are based on com- 
mutative algebra, especially the theory of canonical modules [15] of Cohen- 
Macaulay rings generated by monomials [12]. We refer the reader who is familiar 
with commutative algebra to [9] for algebraic machinery behind the above 
theorems. 
On the other hand, by virtue of [20], we can prove the interesting 
Theorem 2.4. The w-vector w(P) = (w,, ~1, .. . , w,) of an arbitrary poset P satisfies 
the linear inequality 
wg+w,+ ...+wi~w,+w,_,+...+w,~; 
for every 0 5 i 5 [s/2]. 
3. The flawless conjecture 
We refer the reader to, e.g., [15,6] for the definition of O-sequences and pure O- 
sequences. A (finite) O-sequence (ho, h,, . . , , h,) with h,#O is called flawless [7] if (a) 
h;Ih,_; for any O<i<[s/2], and (b) ho<h,<***lh[s,z]. 
Theorem 3.1 [6]. Any pure O-sequence is flawless. 
Now, it is well known, e.g., [3], that the w-vector of an arbitrary poset is an O- 
sequence. 
Conjecture 3.2. The w-vector of an arbitrary poset is flawless. 
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On the other hand, we say that a finite sequence ao, al, . . . ,a, of real numbers is 
unimodal if aora,I...IajLaj+12...2a, for some O<j<n. Thus, if an O- 
sequence (ho, hi, . . . , h,) with h,#O is symmetric, i.e., h;=h,_; for any Olil [s/2], 
then (ho, hi, . . . , h,) is unimodal if and only if (ho, hi, . . . , h,) is flawless. Note that a 
pure O-sequence is not necessarily unimodal [2]. Consult [ 181 for detailed informa- 
tion with a rich bibliography on unimodal sequences. 
Example 3.3 [13]. If a poset P is a disjoint union of chains, i.e., the distributive lat- 
tice L=$F(P) is a divisor lattice [16, p. 971, then the w-vector of P is unimodal. 
Theorem 3.4 [7]. Suppose that a poset P is pure and that the distributive lattice 
L =g(P) is planar, i.e., there exists no three-element antichain in P. Let w(P)== 
(wo, WI, . . . . w,) be the w-vector of P. Then the two sequences 
and 
(;pwo, (;)‘-w,,...,(:)‘-ws 
are (symmetric and) unimodal. 
It would, of course, be of great interest to find a characterization of the w-vectors 
of posets. 
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